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In this journal, Daniel I. A. Cohen [2] gave a proof of the strong Sperner 
lemma based on “search” techniques of paths. Klaus Wagner [5] associates a 
particular tree to a labeled subdivision of a geometric simplex and proves 
that lemma by counting the number of vertices with an odd degree of that 
tree. In this paper we prove a general theorem about colorings of simplicial 
complexes by using a method similar to Wagner’s,. This theorem implies the 
strong Sperner lemma and can be used to study some colorings of graphs. 
This article is divided into four parts. In the first, we recall definitions 
about a simplicial complex (for more details, see n/launder [4] and 
Aleksandrov El]). The second is devoted to the statement and the proof 
of the main theorem about colorings of simplicial complexes. This theorem 
and its corollary are applied in the third part to the case of graphs 
considered as particular abstract simplicial complexes. In the fourth part, 
we recall briefly the background about subdivisions and establish the 
strong Sperner lemma by the mean of the general theorem of coloring, 
1. DEFIN~TIoKS 
Let there be given an abstract or geometric simplicial complex K an 
an integer n >, - 1. Kn denotes the subcomplex of K determined by its 
n-dimensional simplexes together with all their faces; therefore, for every 
integer n >, 0, Kn\Kn-l is the set of the n-dimensional simplexes of K. 
In particular, KO\K-1 will be identified with the set of vertices of K. 
The degree of an n-simplex S” E K is the number of (n + I)-simplexes 
of K which admit Sn as a face. The boundary a(P) of .P is the set of 
(n - I)-simplexes with an odd degree together with all their faces. If 
2(P) = o ) Kn is called an n-cycle. 
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A graph without loops or multiple edges can be considered as an 
abstract simplicial complex G of dimension 1 where G1\Go is the set of 
edges of G and GO\G-1 is the set of vertices of G. The degree of a vertex 
in the sense of the preceding paragraph is equal to the ordinary degree 
defined in graph theory. An elementary property of graph theory says 
that the number of these vertices is even. 
2. COLORINGS OF SIMPLICIAL COMPLEXES 
If n 2 0 is an integer, a (n + 1)-coloring (or (n + l)-labeling) of a 
simplicial complex K is a map L : K*\K-1 -+ C, where C is a finite set with 
n + 1 elements. Note that we do not require that any two vertices which 
determine a l-simplex receive distinct colors. An n-simplex S” E K is said 
to be completely colored if L is l-l between the vertices of Sn and the 
elements of C. 
Put c = {co ) Cl )...) c,}. Let us denote by CT, the number of n-simplexes 
completely colored by C and by & (i = 0, l,..., n) the number of (n - l)- 
simplexes in a(F) completely colored by C - {ci}. 
THEOREM. W, cij, , W, ,..., &, have the same parity. 
Proqf: We show that 63 + w. is even; the proof for 6 + c& (i = 1,2,..., n) 
would be the same. By an “abus du langage” we shall say briefly that a 
(n - l)-simplex is completely colored if it is completely colored by C - {co). 
Call an n-simplex S” partially colored if L(F) = C - {co}. 
We define a particular graph G in terms of the complex K and labeling L 
as follows: the vertices of G are the n-simplexes of K which are either 
completely or partially colored (think of these vertices as red) and the 
(n - I)-simplexes of K which are completely colored (think of these 
vertices as blue). Two vertices determine an edge if and only if one of them 
is red, the other is blue, and the blue vertex is a face of the red vertex. 
If an n-simplex S’” is completely colored, there is one and only one 
completely colored (n - 1)-simplex which is a face of S*; if S* is partially 
colored, there are exactly two completely colored (n - 1)-simplexes 
which are faces of Sn. Therefore the number of red vertices with an odd 
degree is W. 
A completely colored (n - 1)-simplex S”-l is a face of an n-simplex Sm 
if and only if Sn is either partially or completely colored. Therefore the 
number of red vertices with an odd degree is equal to ~3, . 
c3 + 6~~ is even because it is the number of vertices with an odd degree 
in the graph G. 
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COROLLARY 1. For every (n f 2)-coloring of an abstract ~~~~~i~~~~ 
complex K where K” is an n-cycle, the parities of the mmbers of ~-si~~~e~e§ 
~o~~lefe~)~ colored by the n $ 2 distinct subsets of n + 1 colors are equal. 
ProoS. Let us add a new vertex 01 to P\K?, and consider the abstract 
simphcial complex R whose simplexes are the subsets of the sets SU(a), 
where S is any simplex of K. It is known 131 that a(I@+l) = A?. Let us 
assign to 01 an arbitrary color in order to extend to I? the (n + 2)-coloring 
defined on K. The corollary derives from the theorem ap 
(.n + 2)-coloring of K 
3. APPLICATION TO COLORINGS OF GRAPHS 
Let G be a graph. Given a coloring by two colors a and b of the vertices 
of 6, let us denote by w  the number of edges which have their two end- 
points colored by a and b and by Gja (respectively, Us,) the number of 
vertices with an odd degree colored by a (respectively b). 
COROLLARY 2. W,8,, and c$, have the same parity. 
For an example, see Figure 1. 
FIG. 1. Coloring with two colors a and b of the vertices of a graph, Q, 3, 9 and 07~ 
are odd. 
Consider now a graph G where every vertex has an even degree and a 
coloring of these vertices by three colors a, b, and c. Denote by &,, 
(respectively, W,, , c;jaC) the number of edges which have their two en 
points colored by a and b (respectively, b and c, a and c). 
COROLLARY 3. c&,,c$,~, and &jao have the same parity. 
For an example, see Figure 2. 
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FIG. 2. Coloring with three colors a, b, and c of the vertices of an eulerian graph. 
B,~, G~~, and & are even. 
Remark. An arbitrary graph cannot be considered as an abstract 
simplicial complex for it may possess loops or/and multiple edges. How- 
ever, it is easy to see that Corollaries 2 and 3 are still true for arbitrary 
graphs. 
Consider now a maximal planar graph G, that is to say, a planar graph 
without loops or multiple edges which does not remain planar if we add an 
arbitrary edge between two vertices that are not already bounded by an 
edge. The faces (in the sense of planar graph theory) of G are triangles, and 
every edge belongs to two faces. Let us consider a coloring of the vertices 
by four colors a, b, c, and d. 
COROLLARY 4. The parities of the number offaces completely colored by 
(a, b, c}, {b, c, d), (a, c, d), and (a, b, d} are equal. 
FIG. 3. 
graph. %BD 
Coloring with four colors a, b, c, and d of the vertices of a maximal 
- - 
, %cd, %bd, and &cd are odd. 
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Proof. Consider the abstract simplicial complex R of dimension 2 su 
that K2\K1 = set of faces of G, K1\K@ = set of edges of G, KO\K-l= set 
vertices of G. As every edge of G belongs to two faces, K2 is a 2-cycle a 
we can apply Corollary 1. 
For an example, see Figure 3. 
Reunavk. This corollary applies also to graphs which triangulate arrj 
other I&dimensional manifold. 
4. THE STRONG SPERNER LEMMA 
Let us recall that a subdivision of the closure Tn of a geometric n-simplex 
T” is a geometric simplicial complex K’ which satisfies the two f~llow~~~ 
conditions: the point set union of all the geometric simplexes of K’ is 
equal to Tn; every simplex TIT E K’ is contained (as a point set) in one of 
the open faces of the simplex T”. As T” is naturally ~a~itio~ed by the 
distinct open p-faces (p < n) of T”, we can say that T” is contained in 
a single face of T”, called the carrier of T”. 
Let L be a labeling of K’ which assigns to each vertex ei of K’ a vertex 
L(ei) in the carrier of ei . 
SPERNER'S LEMMA. The number of n-simplexes of K’ whict$ are corn- 
pletely labeled is odd. 
Proof. For n = I, it is obvious. Then we proceed by induction. Let us 
denote by C = {co, c1 ,..., c,> the vertices of T”, Tr-” the open (E - I)- 
face of T determined by the skeleton C - (~3, and Kit the subcom~~e~ of 
I(’ constituted by the simplexes of K’ whose carrier is TT-‘. 
Each (PZ - 1)-simplex which belongs to some K[ is a face of a singie 
n-simplex of K’ and every other one is a face of two ve-simplexes of K’; 
therefore we have the equality 
For each i = 0, l,..., n, the simplexes of Ki”-l u ICI;+1 u --a v Kz-” 
which are completely labeled by C - (~3 are elements of Kin-l. 
is a subdivision of Tp-‘; therefore, if we assume the proposition for n - 1, 
we see that the number &Q of these simplexes is odd. It follows from the 
theorem that the number of n-simplexes of K’ which are corn~~e~~~y 
labeled is odd. 
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